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MATHEMATICAL MODELING OF NON-STATIONARY THERMAL STATE 
OF THE PROCESSED METAL DURING ITS LASER HARDENING
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ABSTRACT

Laser hardening is used for surface hardening of wear parts. Laser equipment is suitable for hardening small 
and geometrically complex elements. The hardening depth is 0.1 - 1.5 mm. Experimental studies using the robot 
KUKA KR120 have shown that the process of laser hardening does not always lead to positive results under certain 
conditions of parts processing, so there is a need to create a calculation base for rational choice of parameters of the 
process. On the basis of the considered assumptions and limitations, a mathematical model is formulated, which is a 
boundary value problem for calculating the unsteady thermal state of a metal plate and determining the depth of its 
heating and possible penetration when the laser beam moves along its surface. A numerical algorithm is proposed 
that allows to approximate solve the boundary value problem of the plate warm state, to determine the depth of the 
hardened layer and rational parameters of metal cooling. The calculation of non-stationary temperature fields in a 
40X steel plate when exposed to a laser beam with two modes of cooling it with water is shown. The depth of metal 
penetration and the depth of its hardening are determined.
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INTRODUCTION

Currently, there is a method of surface hardening of 
metal products by heating the metal with a laser beam to 
a certain temperature and then rapidly cooling the metal 
due to heat dissipation into the solid part and the use 
of cooling fluids. Heat treatment of materials by laser 
does not require preheating of the part and in some cases 
special cooling. The metal object is placed in a machine, 
which is a robotic unit in which the processed element is 
exposed to the beam. Modern laser units can be equipped 
with productive cooling systems.

A steel plate was used as the investigated sample, 
steel grade - 40X (AISI 5140H), dimensions are 50 x 50 
x 6 mm. The steel plate was hardened using a KUKA 
KR120 robotic unit, laser power was PH = 1.0 - 1.5 kW 
with a spot diameter of df  = 2 - 3 mm (Fig. 1). Beam 

scanning was carried out according to the strategy of 
parallel lines at a speed of WH = 8 - 14 mm s with a line 
spacing of δ = 4 - 6 mm (Fig. 2). Experimental studies 
have shown that the process of laser quenching does not 
always lead to positive results, so there is a need to create 
a calculation base for rational choice of parameters of 
the process realization.

In the literature, quite a large number of works 
are devoted to modeling processes in laser welding, 
for example [1 - 3]. Part of the work is devoted to the 
study of thermal processes under the influence of laser 
radiation. For example, a nonlinear mathematical model 
of heating a two-layer body is considered, taking into 
account the finite velocity of heat propagation and the 
temperature dependence of the properties of materials 
[4]. A numerical solution of the nonlinear hyperbolic 
thermal conductivity problem is obtained for the case 
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Fig. 1. Laser hardening of steel plate.

when the absorption of laser radiation energy is modeled 
by a volumetric heat source.

It was shown that only a small part of the supplied 
laser energy (about 1 - 15 %) is used for quenching and 
the greatest efficiency is achieved when melting of the 
surface is simply avoided [5]. A comparative study has 
shown that pulsed lasers are more efficient in using 
energy for quenching than a continuous wave laser. 
Similarly, the efficiency of a high-power laser turns out 
to be higher than that of a low-power one, and an increase 
in beam absorption ensures higher quenching efficiency.

The laser beam is a high-intensity energy source, 
so processing can be carried out with or without partial 
melting of the metal surface. It is desirable to avoid the 
effect of surface melting, and it is necessary to choose the 
quenching temperature at a given depth for pre-eutectoid 
steels (carbon content in steel less than 0.8 %) Δh by the 
formula Tquen = AC3 + ΔtP, where the overheating from 
the critical point is ΔtP = 30 - 50°C. For 40X steel the 
point AC3 = 782°С.

To determine the temperature distribution in the area 
of the focal spot under the influence of the heat flux q 
arising under the action of the laser beam, the formula 
of one-dimensional distribution of the temperature field 
in a semi-infinite body in the x direction (deep into the 
substrate) is most often used [6]: 

,
where τ - time; α = λ/(cρ) - coefficient of thermal 

diffusivity; t0 - initial substrate temperature.
However, this formula is of a purely evaluative 

nature and does not take into account the entire diversity 
of the process: the movement of the laser spot, heat 
propagation through the material in horizontal directions, 
melting of the metal, its cooling, etc.

The process of heating and unwanted melting of 
steel is quite complex and depends on its thermophysical 
properties and a variety of geometric and technological 
parameters. To predict the behavior of the process under 
consideration, it is necessary to at least qualitatively 
establish how the heating depth depends on the laser 
beam power, its focal diameter, speed and strategy of 
its movement along the part surface. 

There is a problem associated with the correct choice 
of technological modes of laser heating in the formation 

Fig. 2. Laser head scanning while heating a steel plate for 
hardening.
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of the desired hardening layer on the surface of the steel 
part, which is usually 0.1 - 1.5 mm.

The aim of the work is to develop a mathematical 
model and an algorithm for calculating the non-stationary 
thermal state of a metal steel plate and determining the 
depth of its heating and possible penetration under laser 
exposure to obtain a high-quality quenching layer of 
specified dimensions.

EXPERIMENTAL

Let us consider the basic assumptions and limitations 
of the mathematical model.

1. Let us assume that there is a horizontal metal plate 
with dimensions LxL and height h. Let us choose the 
Cartesian coordinate system (Oxyz) as shown in Fig. 3. 

2. The center of the focal spot of the laser with 
diameter df = 2rf moves along the upper surface of the 
plate along the Oy axis from the initial point A1(0, rf, rf) 
with velocity Wн. When moving from left to right, the 
coordinate of the spot center is given as  yf(τ) = rf + WH .τ, 
where τ is the time from the start of the motion. The time 
for one pass is τk = (L - 2rf )/WH. The focal spot center 
coordinate at the end of the first pass is B1(0, L-rf, rf). 
The laser beam moves along the strategy of parallel lines 
with step δ. We consider that the beam moves quickly 
to the next line and moves from right to left from point 
B2(0, L-rf , rf+δ) to point A2(0, rf, rf+δ). Then the beam 
quickly passes to the next line moving from left to right 
starting from point A3(0, rf , rf+2δ) etc. making p0 passes.

Knowing the current time from the start of heating 
it is possible to determine the laser pass (line) number 
as p=int(τ/τk )+1, as well as the coordinates of the focal 
spot center as a function of the pass (time) number:

,
zf = rf + (p - 1).δ, where p = 1, 2,…p0. 

3. We assume that the temperature field of the plate 
depends on time (the field is non-stationary  ).
At the initial moment of time (τ = 0) the plate has a 
temperature t0 and at τ > 0 begins to heat up under the 
action of the heat flux of radiation q of the laser.

4. In metals (conductors), the electromagnetic wave 
is exponentially attenuated in a very thin surface skin 
layer (~10-5 - 10-6 cm), with absorption occurring on 

conduction electrons. In laser processing of materials, 
the depth of heat penetration into the depth of the metal, 
although several orders of magnitude greater than the 
thickness of the skin layer, is practically adjacent to the 
surface of the material, and therefore in all calculations 
we will consider the heat source to be surface. We also 
assume that the energy of laser photons affecting the 
material is limited by the diameter of its focal spot df. 

5. We consider that the temperature distribution 
in the metal plate is described by the energy equation 
considering phase transitions. We assume that metal 
evaporation, and hence the additional energy carried 
away for vaporization, can be neglected. When the metal 
surface is heated to a high temperature (T > 500°C), a 
significant heat flux of radiation qizl  to the environment 
occurs.

6. We will also consider that for the quenching 
problem our plate is cooled through the bottom face 
and side surfaces. Heat transfer occurs by setting the 
boundary conditions of the 3rd kind.

In order to achieve the target goal, the following 
tasks are set:

1. To create a mathematical model, calculation 
algorithm and software for modeling the unsteady 
thermal state of the plate at its laser heating, including 
the definition of:

- three-dimensional unsteady temperature field 
at given technological modes of laser processing, 
geometrical characteristics and thermophysical 
properties of the processed material;

Fig. 3. Coordinate system and main dimensions of a two-
layer plate during laser melting of a composite coating.
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- dynamics of the position of two-dimensional 
lines of the boundaries of the two-phase region for the 
liquidus and solidus of a metal at its melting and further 
solidification.

2. Computer modeling of unsteady thermal state of 
the processed metal and determination of the depth of 
its heating to the hardening temperature and possible 
penetration during its laser treatment.

Mathematical model of the thermal state of a metal 
plate during laser quenching

We will consider a three-dimensional mathematical 
model of the thermal state of a metal plate. The unsteady 
temperature distribution in the solid, two-phase and 
liquid regions is described by the energy equation taking 
into account the crystallization heat release according 
to the theory of quasi-equilibrium two-phase zone [7]
(at τ > 0, 0 ≤ x ≤ h, 0 ≤ y ≤ L, 0 ≤ z ≤ L)

,

where τ is time; T(x, y, z, τ) is temperature, g(T) is 
proportion of solid phase; ρef is metal density; Lp is heat 
of fusion of metal.

Using substitution , the equation will take 
the following form:

.			    (1)

For the thermal problem, the amount of solid 
phase of the metal in the solidification interval will be 
determined by the model of the linear law 
, from which we can obtain dg/dT = - 1/(TL-TS), where 
TL, TS are the liquidus and solidus temperatures of the 
metal.

Depending on the chemical composition of the steel 
(for [C] < 2.14 %), the liquidus and solidus temperatures 
can be determined by the following empirical equations:

TL = 1537 - (88.[C]+8.[Si]+5.[Mn]+4.[Cu]+5.[Cr]+
+25.[S]+30.[P]), °C; 
TS = 1537 - (200.[C]+16.[Si]+6.[Mn]+93.[P]+1100.[S]+
+1.7.[Cr]+3.9[Ni]), °C; 

where square brackets indicate the concentration in 
percent of the corresponding chemical element in the 
steel composition. 

The thermophysical properties of a metal are 
described by the following piecewise continuous 
functions:

heat transfer coefficient

 	
						      (2)
density

 	
						      (3)
specific heat capacity
		

						      (4)
where λML, λMS are thermal conductivity of liquid and 
solid metal; ρML, ρMS are density of liquid and solid metal; 
CML, CMS are specific heat capacity of liquid and solid 
metal; εK is increase of thermal conductivity coefficient 
due to circulation and turbulization of melt.
Eq. (1) can be written in the following form:

,			  (5)

where the effective diffusivity as a function of 
temperature is . Eq. (5) in this 

formulation is suitable for describing the entire remelting 
metal as a whole, without distinguishing the boundaries 
of solid, two-phase and liquid zones.

To solve the differential Еq. (5) it is necessary to 
supplement it with boundary conditions.

At the initial moment of time (at τ = 0) we consider 
that the temperature in all points of the metal is the 
same (τ = 0)
T(x, y, z, 0) = t0.					     (6)

Boundary conditions (at τ > 0).
On the bottom surface of the plate we have a 

boundary condition of the 3rd kind (at 0 ≤ y ≤ L,
0 ≤ z ≤ L)

,			   (7)

where α is heat transfer coefficient from the plate to the 
coolant, tg is coolant temperature (air or water).

On the left and right side surfaces of the plate
(at 0 ≤ x ≤ h, 0 ≤ z ≤ L)
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 			   (8)

On the front and back surfaces of the plate (at
0 ≤ x ≤ h, 0 ≤ y ≤ L)

						      (9)

On the upper surface of the plate we have a boundary 
condition of the 2nd kind (at 0 ≤ y ≤ L, 0 ≤ y ≤ L)

,	 (10)

where q is heat flux from the laser radiation;qizl is heat 
radiation flux from the heated surface to the environment, 
and in the area of the laser spot impact is ξ =1, in the 
rest of the area is ξ =0.

Knowing at each moment of time τ the coordinate of 
the laser spot center (0, yf, zf) it is possible to determine 
the area of heat flux impact on the metal surface:

yf - rf ≤ y0 ≤ yf + rf , .

Photons falling on the metal have Maxwell 
distribution, so the heat flux density in the focal spot 
obeys the Gauss curve q = A.In.exp(-r2/rf

2), where A=1–R 
is the surface absorption coefficient of the metal, R is 
the coefficient of reflection of radiation by the surface, 
In is the maximum laser power density on its axis (at r = 
0); and the average heat flux density in the focal spot is 

 = P0 / (π.rf
2) ≈ 0.747. In, where P0 is the laser radiation 

power. It is possible to use a simplified dependence of 
the average heat flux propagating into the depth of the 
material when exposed to the laser in the area of the focal 
spot , where η is the efficiency of the laser as a 
fraction of radiation from the power consumption PH [8].

When a metal surface is heated to a high temperature 
(T > 500°C), heat flux is radiated from the surface to the 
surrounding environment 

,	
			 
						      (11)
where σ = 5.7 W m-2 K-4 - Stefan-Boltzmann constant;

 - the reduced degree of blackness, 
εк, ε are degree of blackness of the metal surface and 
surrounding surfaces, respectively; 

TSURF  and tENV are the temperature of the plate 
surface and the environment, respectively, °С.

RESULTS AND DISCUSSION

When conducting computer modeling, we will take 
the largest distance xfus, where the maximum temperature 
is equal to the liquidus temperature of the metal, as the 
depth of maximum layer penetration. For the depth of 
the hardened layer we will take the largest distance xall, 
where the hardening temperature Tquen was observed.

When considering the differential Еq. (5) with 
boundary conditions (6 - 11), exact solution methods 
encounter great difficulties. In these cases, one has to 
turn to some or other numerical solution methods.

The most used numerical methods are finite 
difference or grid methods. It is based on the replacement 
of derivatives by their approximate value expressed 
through differences of function values in separate 
discrete points - grid nodes. As a result of such 
transformations, the differential equation is replaced 
by an equivalent finite difference relation, the solution 
of which is reduced to the solution of a system of linear 
algebraic equations. 

The advantages of the finite difference method 
include its high versatility, e.g., much higher than that 
of analytical methods. The application of this method 
is often characterized by the relative simplicity of the 
construction of the solving algorithm and its software 
implementation. It is often possible to parallelize the 
solving algorithm. 

The disadvantages of the method include: the 
problematic nature of its use on irregular meshes; very 
rapid growth of computational labor intensity with 
increasing problem dimensionality (increasing the 
number of unknown variables); and the complexity 
of analytical study of the properties of the difference 
scheme.

In general, the finite difference method includes 
three main steps:

1) the stage of constructing a grid of nodal values of 
the desired function in the solution domain;

2) the stage of constructing on the basis of the 
initial differential equation a system of finite-difference 
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equations describing their functional relations between 
neighboring nodes of the grid;

3) the stage of solving the system of finite-difference 
equations with n unknowns using one of the numerical 
methods.

The number of n unknowns (or the order of solutions 
of the system) corresponds to the number of node values 
in which the value of the desired function is determined.

Let us introduce a space-time grid in the solution 
domain under consideration: i = 1, 2, … N, j = 1, 2,… 
M; l = 1, 2,… LL; k=0, 1, 2,…K; xi = i.Δx,  yi = j.Δy zi 
= l.Δz,  τk = k. Δτ, in general case Δx ≠ Δ y ≠ Δz, where 
(N–1), (M–1), (LL–1) are the number of partitions by 
x, y, z coordinates, respectively; K is the number of 
partitions by time. The grid has constant steps in x, y, z 
and τ, Δx = h / (N - 1); Δy = L / (M - 1), Δz = L / (LL - 
1). We replace the continuous temperature function by 
a grid function = T(xi ,yj ,zl ,τk ), .

To calculate the temperature field, we use the 
coordinate splitting scheme. At each time step, we 
will introduce an intermediate step where we will 
record a one-dimensional approximation along one of 
the spatial directions. The three-dimensional problem 
under consideration is “split” into a sequence of one-
dimensional problems along each of the coordinates. 
The approximation errors of the intermediate layers are 
destroyed during summation.

To solve equation (5) for metal heating, we use the 
splitting scheme with application of the longitudinal-
transverse scheme [9], which leads to an unconditionally 
stable locally one-dimensional scheme

,   (12)

						      (13)

,
						      (14)

where , ,

.

The system of linear algebraic equations (SLAE) 
for Eq. (12) can be represented as

,	 (15)

where , , ,

, .

Similarly, we can write SLAEs for Еq. (13) and (14).
Solving three SLAEs sequentially, we obtain the 

value of functions , which differs from the true 
value T(x, y, z, τ) of the problem solution by the value 
O(Δτ2). In this case, the process of solving a three-
dimensional problem is replaced by the process of 
sequentially solving three one-dimensional problems. 

The described difference splitting scheme has 
advantages in the sense of simplicity and clarity of the 
problem to be solved and relatively small amount of 
calculations. 

Each of the SLAEs was solved by the run method; 
the algorithm of this method includes two stages.

1. For all i = 2, 3, , N -1 we determine the coefficients 
(direct run)

; , 			   (16)

at the same time, we consider α1 and β1 to be known 
from the left boundary condition as well.

2. For all i = (N -1), ..., 2, 1, we determine the 
temperatures (backpropagation)
Ti = αi.Ti+1 +β					     (17)
at the same time, we consider TN known from the right 
boundary condition (BC).

Let us consider the algorithm for discretization of 
initial and boundary conditions.

For the initial temperature distribution (6) for the 
entire computational domain we have Ti,j,l = t0.

At the x-propagation on the left boundary, a BC of 
the 2nd kind acts on the left boundary. From expression 
(17) we have T1 = α1T2+β1, from expression (13) -  

, solving these equations together, we 
obtain (at i = 1, 2,... N) α1 = 1, .

When running along x at the right boundary, we 
have the BC of the 3d kind.

At the coolant boundary, from (8) we have
 = α.(TN - tg). 
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Substituting the expression based on (17):
TN-1 = αN-1TN + βN-1, we get

, 

where ф = α.Δx/λef .
When running along y at the left boundary, we have 

a BC of the 3d kind.
At the coolant boundary from (9) we have

 = α . (T1 - tg). From expression (17 we have 
T1 = α1 . T2 + β1, we obtain (at j = 1, 2,... M)

, , where ф = Δy . α/λef .

When running along y on the right boundary we 
have the BC of the 3d kind.

At the coolant boundary from (10) we have 
. 

Substituting the expression based on (17) 
TM-1 = αM-1TM + βM-1, we obtain , where 
ф = α . Δy /λef .

When running along z, the boundary conditions on 
the left and right boundaries are written similarly.

Based on the considered mathematical model, 
the computer program “Laser_hardening_of_metal” 
was created in the Matlab environment. To carry 
out computer modeling, data on the thermophysical 
properties of the tempered steel were collected. Tabular 
thermophysical properties of 40X steel were taken from 
[10] and based on them, equations for approximating the 
density, specific heat capacity and thermal conductivity 

coefficient of solid (at 20 ≤ t ≤ 1100°C) and liquid steel, 
respectively, were obtained:
ρMS(t) - 7830 - 0.283.t - 3.23.10-5t2, ρML = 7040,  (kg m-3);

( ) 4 2
MS 432 0,371 1,05 10Ñ t t t−= + ⋅ − ⋅ = 432 + 0.371.t - 1.05 . 10-4t2, 

825MLÑ =  (J kg-1 К-1); 
λMS(t) = 45.8 + 5.12.10-3.t - 8.19.10-5t2 + 5.79.10-8t3, 
λML = 39 (W m-1 К-1).

The melting heat of steel Lp = 2.7·105 J kg-1. 
Calculations were carried out with the following initial 
data: L = 50 mm; h = 6 mm; t0 = 20°C; toc = 15°C; tg = 
15°C; A = 0.74; n = 0.6; ek = 0.7; e = 0.85; Ph = 1200 
W; rf = 1 mm; Wh = 12.5 mm  s-1. The calculated value 
is TL = 1488°C, TS = 1411°C.

By means of computer simulation, the temperature 
fields of a metal plate are obtained when exposed to a 
laser beam and simultaneously cooled with water. The 
results of the program are presented in the form of tables, 
diagrams and graphs. Under the selected remelting 
conditions, the average heat flux in the focal spot area 
was q ≈ 17 kW cm-2. Calculations were performed for 
cooling conditions of a metal plate immersed in water 
α = 103 W m-2 K-1 and conditions of intensive cooling 
with water α =104 W m-2 K-1. Fig. 4a, b shows diagrams 
of temperature distribution at time points τ = 1.92 s (the 
coordinate of the center of the focal spot is in the middle 
of the plate yf = L/2 = 25 mm) and in Fig. 4b, d at the time 
after the passage of the beam τ = 3.84 s. Seven isotherms 
are given, with 7 and 6 being the liquidus and solidus 
temperatures of the metal, respectively, and 5 being the 
tempering temperature of Tquen. At the same time, the 
maximum temperature in the focal spot is about 3160°C. 

a)							       b)
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The penetration depth of the metal was about 0.7 mm, 
the hardening depth of the steel was about 1.5 mm.

It was found that the maximum temperature at a 
given depth is set after about 0.5 - 0.7 seconds and 
then practically does not change over the course of the 
entire passage. So at a distance from the surface 0.5 mm
Tmax ≈ 2000°C, at a distance from the surface of 1 mm 
Tmax ≈ 1200°C.

The results are shown under the condition of cooling a 
metal plate immersed in water α = 103 W m-2 K-1 (a, b) and 
under the condition of intensive cooling with water α = 
104 W m-2 K-1 (c, d). The figures on the graphs correspond 
to isotherms: 1 - 150°C; 2 - 300°C; 3 - 500°C; 4 - 600°C; 
5 - Tquen = 830°C; 6 - TS = 1411°C; 7 - TL = 1488°C.

CONCLUSIONS

Based on the assumptions and limitations considered, 
a mathematical model is formulated that represents the 
boundary value problem of calculating the non-stationary 
thermal state of a tempered metal plate and determining 
the depth of its heating and possible penetration when 
a laser beam moves along its surface using a parallel 
line strategy. A numerical algorithm is proposed that 
allows approximating the boundary value problem of 
the warm state of the plate, determining the depth of the 
hardened layer and rational technological parameters of 
metal cooling. Based on the considered mathematical 
model and numerical algorithm, a computer program 

“Laser_hardening_of_metal” has been created in the 
Matlab environment, which allows computer modeling 
of the warm state of a plate made of a given grade of 
steel and determining the depth of the hardened layer, 
as well as choosing rational technological parameters 
of laser beam power, scanning speed and strategy, and 
metal cooling. The calculation of temperature fields in a 
40X steel plate when exposed to a laser beam with two 
modes of cooling it with water is shown. The developed 
software will make it possible to predict the rational 
technological parameters of quenching for various steels 
when using the KUKA KR120 robotic installation.
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